1. Preliminaries from cyclotomic fields* In this paper we denote the rational number field by Q, and its subring of all rational integers by Z. All algebraic quantities are to be contained in a "sufficiently large" cyclotomic field over Q. We also denote by ξ m an unspecified primitive mth root of unity.
If p is a prime ideal, a an integer ^0 of a cyclotomic field Q(ξ m ), then the p-component of a is, by definition, the power of p which exactly divides a. If α is an ideal =£0 of Q(ξ m ), then the α-component of a is defined as the product of the ^-components of a extended over all prime ideal divisors of σ.
Theorem 1 below will be frequently used later, and is essentially based on the well-known theorem in the theory of cyclotomic fields: The set of all integers of the cyclotomic field Q(ξ m ) is identical with the ring Z[ζJ.
Let C be a number-theoretic function, whose values are contained in the ring Z[ζ m ], We define the difference operator A{ρ) by
Δ{p)C{i) = C(i + p) -C{i) .
Here p is a rational number not necessarily an integer. But we make the convention that C(p) = 0 if /O is not an integer, so -Δ(p) will be an identity operator if p is not an integer. . We say that C is a periodic function with a period n if Δ(ri)C(i) = 0 for all i. THEOREM for all i. This shows the validity of our assertion for u = 0.
Let n = p[* p ι s s be the prime-power decomposition of n. Let m be relatively prime to n, C be a periodic numbertheoretic function, with period n whose values C(i) are integers of the cyclotomic field Q{ζ m ), and f(x) -Σϊ^i C(i)x\ Moreover let d be a divisor of n and a be an integer of Q(ξ m ). Then, in order that f(ζζ) = 0 (mod a) for all divisors r of d, it is necessary and sufficient that
(2) Assume therefore s = 1, w > 0 and assume the validity of the assertion for smaller values of u. Now we have t=o ΐ=i \i=o
As was proved in (1) above, it follows from f(ζ n ) = 0 (mod a) that C(i) = C(i + p ι -y) (mod α). Thus if we define then /(a?*) Ξ βr(α ) (mod a, 1 -^%) .
The condition /(f;*) = 0 (mod a) for all t such that 0 ^ t ^ w is equivalent to /(?£*) Ξ 0 (mod α) and flf(?i*) = 0 (mod a) for all t such that 0 ^ ί ί § % -1. The last is equivalent to, by the induction hypothesis, that p'
for all t such that 0 ^ t ^ u. This shows the validity of the theorem for and j, k are determined (mod n^ and (mod n') respectively. Hence
where C*(y,j) = *Σ Now ξT = £ is a primitive ^th root of unity and ζl ι = 37 is a primitive w'th root of unity. And the condition f{ζl) = 0 (mod a) for some f w implies of course the same congruence for all primitive nth roots of unity. Thus f{ζl) = 0 (mod a) for some ξ n implies that ΣC¥,i)r^0 (modα)
3=0
for all primitive n^h. roots of unity ξ and for all n'th. roots of unity η. Note that C*()f', j) are integers of Q(ζ m , η) = Q{ζ mn ) with (mn\ n) = 
characterizes the difference set property of the set D. The above implies that
for all ΐ th roots of unity ζ Φ 1, where τ denotes the complex conjugation of the field Q(ξ υ )IQ. As is easily verified, the condition (1) implies conversely the relation (*). This is the reason why the two parameters v and n are the most fundamental to a number-theoretic study of difference sets. If v is even, then n is a square as seen from (1) for ζ = -1. Also k is determined by the quadratic equation
and λ by
The two extreme cases v = An -1 and v = n 2 + n + 1 correspond to the difference sets of Hadamard type and to the difference sets of projective planes.
If we fix n then there are τ(n)τ(n -1) ways of choosing parameters {v, k y λ) satisfying the relations k(k -1) = (v -l)λ and k -λ = n, where τ(m) denotes the number of divisors of m. Similarly, if we fix v, then there are 2 ω{Ό~1] ways of choosing these parameters, where ω(m) denotes the number of distinct prime divisors of m.
The difference set D will be called nontrivial if v > 1 and n > 1. We consider nontrivial difference sets exclusively in this paper.
There are several difference sets closely related to a given
n* = n, and that the relations (2) and (3) may be written as kk* = n(v -1), λλ* = n(n -1) together with k + k* = v, λ + λ* = v -2n. As for the generating polynomials we note that
In particular we see that for any 'vth root of unity ξ Φ 1 that
where C(i) is the number of elements a 3 -of the set D satisfying a 3 -= ΐ (mod d). It is to be noted that If D is a (v, k, λ)-difference set, then the intersection Q of all decomposition groups g p in Q(ζ υ )IQ with p \ n will be called the decomposition group of the difference set D, the subfield of Q(ζ υ )/Q corresponding to it the decomposition field of D, Note that these concepts are completely determined by the parameters v and n, so are the same for all difference sets similar to D, and also for D*. THEOREM Proof. Because of the relation {q x q<)* = qtqt for odd integers Qu Q2, and of the bihomomorphic property of the Hubert residue symbol, we can assume that q is an odd prime divisor of v. The symbol χ(r) = 1 except possibly r = p^ (the rational infinite spot), r = 2, r = p and r -q. Now χ(Poo) = 1 since p > 0. Moreover χ(q) = 1 or =(plq) with the Legendre symbol according as 39 = g or not. The Legendre symbol represents -1 only for p which is a quadratic nonresidue of q. But in this case p (q~1)l2 ~ -1 (modg) and e must be even by Theorem 2. We have seen that χ(ίλo) = χ(q) -1. Now if p = 2, then we have χ (2) Proof. Put w = dp 1 in ( (1). It follows from Theorem 2 that e is even under assumption of 1), and e is assumed even for (2) . This implies in particular that g(ζ w ) = 0 (mod p el2 ). The same is true for all divisors r Φ 1 of w, because the decomposition group of p in Q(ζr)IQ contains the complex conjugation. We have seen that g(ζ) = 0 (mod p el2 ) for all wth roots of unity ζ Φ 1. On the other hand #(1) = k is not necessarily divisible by p el2 . But we see from (2) that k{v -k) = 0 (mod p e ), or at least one of the two numbers g D (l) = k and ^*(1) = v -k is ΞO (modp e/2 ). Thus, by replacing D by Z>* if necessary, we can assume that g{ζ) = 0 (modp e/2 ) for all wth roots of unity ξ. Consider the ^-generating polynomial g w {x) = ΣS 
Δ(wq^)
Δiwq-^Δiwp-^Ciϊ) = 0 for all i, which implies, again by Theorem 1 (by taking a = 0), that Qw(ζ w ) = ΰ(ζw) = 0, and n = 0 by (1), a contradiction. This applies to the case (1), and the same argument is applies to the case (2). We have seen that C(i + wp' 1 ) -C(i) Ξ 0 (modp φ ), but ^0 for some i. Then it follows from (7) that
for the case (1), and we have only to take d = 1 in the above for the case (2).
COROLLARY.
The decomposition field of a nontrivial difference set cannot be real.
Proof. This follows immediately from Corollary 1 to Theorem 2 and the assertion (2) of Theorem 3.
Similarly it is proved that if there exists a (v, k, λ)-difference set, d is a divisor Φ\ of v, p 19
, p s are distinct prime divisors of n such that Pj\d and that the decomposition fields of p 5 Hall [2] listed 12 choices of (v, fe, λ) such that 3 ^ fc ^ 50, fc < v/2, for which the existence of corresponding difference sets had not been decided by the method of multipliers. For all of these Theorem 3 establishes the non-existence very simply.
4. Difference sets with imaginary quadratic decomposition fields* In view of Theorem 3 and its Corollary, it would be a natural step to consider next those difference sets whose decomposition fields may be imaginary quadratic. THEOREM Summarizing we have that bf = b p for all prime divisors p of n. This means that if we put 7 = g(ζ q i) then (7) σ2 = (7) >7 = ^Γ s2)w+y = 1. Namely we can assume that g(ζ q ι) σ2 = #(£>)> by replacing Z> by Z) + u if necessary. Then g(ζ q ι) = 7 is an integer of the quadratic subfield QiV^q) of Q(ξV) and w = y 1+τ is the norm of an integer 7 of QOl/^). More precisely there exist integers α, 6 such that 7 = α + δω, where α> = (-1 + τ/^g)/2, so we have 4w = (2α -b) 2 
Let q be a prime divisor of v such that q = -1 (mod 4), q ι be the q-component of v. Assume that any prime divisor p of n satisfies
(i) ord, p = 0 (mod 2), (ii) ord^ p = i q ι~\ q -1), or (iii) p = q.
If there exists a (v, k, X)-difference set D, then the Diophantine equation
(ζ q ι) = -α + 6 + δft), as seen from (6). Thus we can assume α Ξ> 0 and 6^0, by replacing D by Z)*, -1>, or -D* if necessary. We know that ω is a Gauss's sum where α/r(i) = 1 or 0 according as i is a quadratic residue or nonresidue of q, ζ q is a suitably chosen primitive qth root of unity, and the sign ± is that of UlQ) for the j such that ζfΓ 1 = ζ J q . If g q ι{x) = Σ?^1 Cίi)^' is the g 21 -generating polynomial of D, then sf g z(x) -(α ± b Σί=i ^(i)^^" 1 *) has a zero point x = f ff i, so applying Theorem 1 (by taking α = 0), we obtain
.
). Comparing this with (7) we find α ^ ^~*, δ g vg" 1 . Note that a similar treatment on tf-u ίS' βO --α + δ + δω yields | a -b \ ^ vq~\ The Theorem is now proved by taking x ~ \ 2a -δ |, # = δ. In the following two Theorems, n is necessarily a square. Finally if p satisfies (iii), then p == g = q* (ffI) in Q(ξ w )IQ for the prime ideal divisor q of g in Q(ξ w )IQ. The g-component b g of g(ξ w ) is rational, since it is a power of q and the g-component of n is a square by Theorem 2.
(2) Summarizing we see that for any prime divisor p of n, b p is an ideal originated in Q(~)/-g), and so is the ideal (g(ζ w ) ). If we put 7 = 0(f w ) then T o is a principal ideal of 0, which implies that c itself is principal, because the class number of Q{V-q) 9 an imaginary quadratic field of a prime discriminant, is odd. Thus if c = τ 0 o, 7 0 e 0, then 7 2 = 7o% for a unit % of Q(l/-g). Such a unit must be ±1. But r] Q = -1 is screened out, since otherwise 77JΓ 1 = τ/-l belongs to > which is impossible. So % = 1 and 7 = ±7 0 belongs to (4) Next let q = 3. Then 7 2 satisfies 7 2(1~σ2) = 1, 7 2(1~p) -ξ1 α . I assert first that a = 0 (mod 3). Indeed otherwise 7 2 determines a subfield if over Q(V -q) of degree 3. Note that this is possible only for r = 1 (mod 3 = αj +τ r, which is impossible because (n, r) = 1 was assumed in (i), (ii), (iii).
We have seen that 7 2 belongs to Q{V-3).
But in fact 7 itself belongs to QiV^S).
Indeed if we put 0 = Z[ζ 3 ], Ό = ^[fj, then we know in (2) that 7© = cθ for some ideal c of 0. But c is a principal ideal because the class number of Q(V-3) is 1. Thus we have 7© = 7 0 © for 7 0 e 0. On the other hand 7 2 e 0, and 7 2 = 7 2 % for some unit % of 0. η 0 is a 6th root of unity, and ηl 12 -77-1 is a root of unity in Q(ξ w ). This is possible only when % is a third root of unity. This means that 7 = $ /2 7 0 e V^l 
